Abstract. The Bogomolov multiplier B 0 (G) of a finite group G is defined as the subgroup of the Schur multiplier consisting of the cohomology classes vanishing after restriction to all abelian subgroups of G. The triviality of the Bogomolov multiplier is an obstruction to Noether's problem. We show that if G is a central product of G 1 and G 2 , regarding K i ≤ Z(G i ), i = 1, 2, and θ : G 1 → G 2 is a group homomorphism such that its restriction θ| K1 : K 1 → K 2 is an isomorphism, then the triviality of B 0 (G 1 /K 1 ), B 0 (G 1 ) and B 0 (G 2 ) implies the triviality of B 0 (G). We show that the Bogomolov multipliers are trivial for seven series of 4-generator p-groups of nilpotency class 2 that do not have the ABC (Abelian-By-Cyclic) property. We give a positive answer to Noether's problem for all 2-generator p-groups of nilpotency class 2, and for two series of 4-generator p-groups of nilpotency class 2 that do not posses the ABC property (with the usual requirement for the roots of unity).
Introduction
Let K be a field, G a finite group and V a faithful representation of G over K.
Then there is a natural action of G upon the field of rational functions K(V ). The rationality problem (also known as Noether's problem) then asks whether the field of G-invariant functions K(V ) G is is rational (i.e., purely transcendental) over K. A question related to the above mentioned is whether K(V ) G is stably rational, that is, whether there exist independent variables x 1 , . . . , x r such that K(V ) G (x 1 , . . . , x r ) becomes a pure transcendental extension of K. This problem has close connection with Lüroth's problem [Sa] and the inverse Galois problem [Sa2, Sw] . By Hilbert's Theorem 90 stable rationality of K(V ) G does not depend upon the choice of V , but only on the group G.
Saltman [Sa2] found examples of groups G of order p 9 such that C(V ) G is not stably rational over C. His main method was application of the unramified cohomology group H 2 nr (C(V ) G , Q/Z) as an obstruction. Bogomolov [Bo] proved that H 2 nr (C(V ) G , Q/Z) is canonically isomorphic to
where A runs over all the bicyclic subgroups of G (a group A is called bicyclic if A is either a cyclic group or a direct product of two cyclic groups). The group B 0 (G) is a subgroup of the Schur multiplier H 2 (G, Q/Z), and Kunyavskiȋ [Ku] called it the Bogomolov multiplier of G. Thus the vanishing of the Bogomolov multiplier is an obstruction to Noether's problem.
Recently, Moravec [Mo1] used a notion of the nonabelian exterior square G ∧ G of a given group G to obtain a new description of B 0 (G). Namely, he proved that B 0 (G) is (non-canonically) isomorphic to the quotient group M(G)/M 0 (G), where M(G) is the kernel of the commutator homomorphism G ∧ G → [G, G] , and M 0 (G) is the subgroup of M(G) generated by all x ∧ y such that x, y ∈ G commute. Moravec studied the functor B 0 (G) in [Mo1] , and in particular he found the five term exact sequence
where E is any group, N a normal subgroup of E and K(E) denotes the set of commutators in E.
If we assume that N is a central subgroup of E, we derive in Section 3 a three term exact sequence
With the aid of (1.1) we prove our first main result, stating that if G is a central product of G 1 and G 2 , regarding K i ≤ Z(G i ), i = 1, 2, and θ : G 1 → G 2 is a group homomorphism such that its restriction θ|
We prove two applications of this result obtaining the triviality of the Bogomolov multipliers for the extra-special p-groups and for the 4-generator p-groups that are central products of metacyclic p-groups. Of course, we will not consider groups that are direct products of smaller groups, because of the following. The Bogomolov multipliers for the groups of order p n for n ≤ 6 were calculated recently in [HoK, HKK, Mo2, CM] . The reader is referred to the paper [KK] for a survey of groups with trivial Bogomolov multipliers.
Definition 1.1. We say that a group G has the ABC (Abelian-By-Cyclic) property if G has a normal abelian subgroup H such that the quotient group G/H is cyclic
In Section 4 we show that the Bogomolov multipliers are trivial for six 4-generator p-groups of nilpotency class 2 that do not have the ABC property.
Bogomolov [Bo, Lemma 4.9] proved that if G has the ABC property then B 0 (G) = 0.
On the other hand, Noether's problem for p-groups with the ABC property is still not solved entirely. However, there are number of partial results that have been obtained recently. We list some of them. with an abelian subgroup H of order p n−1 , and let G be of exponent p e . Choose any
primitive p e -th root of unity. Then K(G) is rational over K.
Theorem 1.4. (Michailov[Mi1, Theorem 1.9] ) Let G be a group of order p n for n ≤ 6 with an abelian normal subgroup H, such that G/H is cyclic. Let G be of exponent p e .
Assume that (i) char K = p > 0, or (ii) char K = p and K contains a primitive p e -th root of unity. Then K(G) is rational over K.
In the preptint [Mi2] we investigated Noether's problem for most of the 3-generator p-groups with the ABC property. In Section 5 of the present article we will give a positive answer to Noether's problem for all 2-generator p-groups of nilpotency class 2 (with the usual requirement for the roots of unity). It seems that almost all known results for Noether's problem regarding p-groups actually hold only for p-groups with the ABC property and their direct products. In Section 5 we will also give a positive answer to Noether's problem for two 4-generator p-groups of nilpotency class 2 that do not posses the ABC property and that are not direct products of smaller groups.
Preliminaries and notations
Let G be a group and x, y ∈ G. We define x y = y −1 xy and write [x, y] = x −1 x y = x −1 y −1 xy for the commutator of x and y. We define the commutators of higher weight
The nonabelian exterior square of G is a group generated by the symbols x ∧ y (x, y ∈ G), subject to the relations
for all x, y, z ∈ G. We denote this group by G ∧ G. Let [G, G] be the commutator subgroup of G. Obverse that the commutator map κ :
There is also an alternative way to obtain the non-abelian exterior square G ∧G. Let ϕ be an automorphism of G and G ϕ be an isomorphic copy of G via ϕ : x → x ϕ . We define τ (G) to be the group generated by G and G ϕ , subject to the following relations:
Obviously, the groups
x, y ∈ G be the commutator subgroup. Notice that the map φ :
is actually an isomorphism of groups (see [BM] ).
In order to prove that B 0 (G) = 0 for a given group G, it suffices to show that (
(2) If G is nilpotent of class c, then τ (G) is nilpotent of class at most c + 1.
for all x, y ∈ τ (G) and every positive integer n.
Central products
Let E be a group, and let N be a central subgroup of E.
, where x = xN, y = yN. Since N ≤ Z(G), the map ξ does not depend on the choice of x and y. Moreover, ξ is an epimorphism. Denote
One can now easily verify that we have the following exact sequences:
Hence we obtain the exact sequence
and in particular, the isomorphism
Next, we are going to develop further the case when G is a central product of two groups G 1 and G 2 with a common central subgroup. Let θ : K 1 → K 2 be an isomorphism, where K 1 ≤ Z(G 1 ) and K 2 ≤ Z(G 2 ), and let E = G 1 × G 2 . Then the central product of G 1 and G 2 is defined as the quotient group G = E/N, where
Theorem 3.1. Let θ : G 1 → G 2 be a group homomorphism such that its restriction
We have now that x i = α i1 α i2 and y i = β i1 β i2 for α ij , β ij ∈ G j ; 1 ≤ j ≤ 2. Since the elements of G 1 commute with the elements of G 2 , we obtain the formula [
Now, we may apply the exact sequence (3.1) for the central group extension
where K(G 1 ) is the set of commutators in G 1 . Therefore we may assume that [α i1 , β i1 ] are in K 1 for all i. Since θ is a homomorphism, we have that
i, so their position in the decomposition of b is of no importance. Therefore,
The first straightforward application of Theorem 3.1 is for the extra-special p-groups.
Recall that a p-group G is extra-special if its center Z is cyclic of order p, and the quotient G/Z is a non-trivial elementary abelian p-group. Kang and Kunyavskiȋ also proved in another way the following. Proof. Note first that for any n there are two extra-special p-groups of order p 2n+1 , and they are isoclinic. According to a recent result by Moravec [Mo3] , the isoclinic groups have isomorphic Bogomolov multipliers. It is well known that one of these two groups can be obtained as a central product of n Heisenberg groups H 3 of order p 3 .
We apply induction by n. For n = 1 we have B 0 (H 3 ) = 0 (see [Be] ). Let G be a central product of the extra-special p-group G 2 of order p 2n−1 and H 3 , where we assume that B 0 (G 2 ) = 0. Denote by K 1 ∼ = C p and K 2 ∼ = C p the centers of H 3 and G 2 , respectively.
It is easy to define a monomorphism θ : H 3 → G 2 , such that θ(K 1 ) = K 2 , and since
, we may apply Theorem 3.1.
Another application of Theorem 3.1 we find in the following Corollary, where we consider the central product of two split metacyclic p-groups.
Without loss of generality we will assume that a 1 ≥ a 2 . Define a map θ : G 1 → G 2 by θ(α 1 ) = α 2 and θ(β 1 ) = β 2 . We are going to show that θ is a homomorphism. Indeed, any element from G 1 can be written in the form β
Clearly the restriction θ| K 1 : K 1 → K 2 is an isomorphism, so G is a central product of the metacyclic p-groups G 1 and G 2 . Note that G 1 /K 1 is also metacyclic. Our result now follows from Theorems 1.2 and 3.1.
The group G given in the statement of Corollary 3.3 is a 4-generator p-group of nilpotency class 2 that does not posses the ABC property. In the following Section we will show that the Bogomolov multiplier is trivial for six more such groups.
Bogomolov multipliers for groups of nilpotency class 2
Let p be an odd prime, and let r ≥ 1 be an integer. Let H = β 1 × β 2 ≃ C p 2r ×C p 2r and F = α 1 × α 2 ≃ C p r × C p r . In this section we are going to show that the Bogomolov multiplier is trivial for six group extensions from H 2 (F, H). We list now their presentations:
where all the relations of the form [x, y] = 1 between the generators have been omitted from the list. Also, according to the assumptions we made in the beginning, we have
, G i is a p-group of nilpotency class 2 (for 1 ≤ i ≤ 6).
By examining the relations in these groups we see that they are well defined. It is not hard to see that each G i is not a direct or a central product of smaller groups.
Moreover, each G i does not have the ABC property.
Theorem 4.1. If G is isomorphic to any of the groups
if and only if p r divides both m and n. By Lemma 2.2 we have that
w ∈ M * (G 2 ) if and only if p r divides m + n. By Lemma 2.2 we have that
It follows that
Expanding the latter using the class restriction and Lemma 2.1, we get
, therefore w ∈ M * (G 3 ) if and only if p r divides both m and n + q. By Lemma 2.2 we have that
and similarly, [α
Expanding the latter using the class restriction and Lemma 2.1, we get Case VI. G = G 6 . This case is similar to Case III. Here w κ * = γ m+q 1 γ n 2 , therefore w ∈ M * (G 6 ) if and only if p r divides both n and m + q. We see that
With similar calculations as in Case III, we can show that [β 1 , α
. We are done.
5. Noether's problem for groups of nilpotency class 2 Let K be any field. A field extension L of K is called rational over K (or K-rational, for short) if L ≃ K(x 1 , . . . , x n ) over K for some integer n, with x 1 , . . . , x n algebraically independent over K. Now let G be a finite group. Let G act on the rational function field K(x(g) : g ∈ G) by K automorphisms defined by g ·x(h) = x(gh) for any g, h ∈ G.
Denote by K(G) the fixed field K(x(g) : g ∈ G)
G . Noether's problem then asks whether K(G) is rational over K. This is related to the inverse Galois problem, to the existence of generic G-Galois extensions over K, and to the existence of versal G-torsors over K-rational field extensions [Sw, Sa1, GMS, 33.1, p.86 ]. Noether's problem for abelian groups was studied extensively by Swan, Voskresenskii, Endo, Miyata and Lenstra, etc.
The reader is referred to Swan's paper for a survey of this problem [Sw] .
We list several results which will be used in the sequel. the rational function field of m variables over a field L such that
(ii): the restriction of the action of G to L is faithful;
where A(σ) ∈ GL m (L) and B(σ) is m × 1 matrix over L. Then there exist e , generated by σ and τ such that σ p m = τ p n = 1, τ −1 στ = σ s for s = ε + ap r , where a = 1 + b · p t for t ∈ N and b ∈ {−1, 0, 1}. Let K be a field, containing a primitive p e -th root of unity, and let ζ be a primitive p m -th root of unity. Then K(u 0 , u 1 , . . . , u p n −1 ) G is rational over K, where G acts on u 0 , . . . , u p n −1 by Ka2, HuK] ) Let τ be a cyclic group of order n > 1, acting on L(v 1 , . . . , v n−1 ), the rational function field of n − 1 variables over a field L such that
where τ : s i → ξ i s i for 1 ≤ i ≤ n − 1. Now, let us consider 2-generator p-groups of nilpotency class 2. They were recently classified by Ahmad, Magidin and Morse [AMM] . Let G be any 2-generator p-group Similarly, H 2 = β 1 × β 2 , α 2 ≃ C p 2r × β 1 , α 1 . Hence we get a linear character of H 2 so that β 2 , α 2 is in the kernel. Explicitly, we may define an action of H 2 on K · Y by
